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Abstract
Withtheincreasinginterestindecisionsupportsystemsandthecontinuousadvance
ofcomputerscience,revenuemanagementisadisciplinewhichhasreceivedagreat
dealofinterestinrecentyears.Althoughrevenuemanagementhasseenmanynew
applicationsthroughouttheyears,themainfocusofresearchcontinuestobethe
airlineindustry.EversinceLittlewood(1972)firstproposedasolutionmethodforthe
airlinerevenuemanagementproblem,avarietyofsolutionmethodshavebeen
introduced.Inthispaperwewillgiveanoverviewofthesolutionmethodspresented
throughouttheliterature.
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11. Introduction
1.1. RevenueManagement
Companiessellingperishablegoodsorservicesoftenfacetheproblemofsellinga
fixedcapacityofaproductoverafinitehorizon.Ifthemarketischaracterizedby
customerswillingtopaydifferentpricesfortheproduct,itisoftenpossibletotarget
differentcustomersegmentsbytheuseofproductdifferentiation.Thiscreatesthe
opportunitytoselltheproducttodifferentcustomersegmentsfordifferentprices,e.g.
chargingdifferentpricesatdifferentpointsintimeorofferingahigherservicelevel
forahigherprice.Inordertodoso,decisionswillhavetobemadeaboutthepricesto
chargeandthenumberofproductstoreserveforeachcustomersegment.Makingthis
kindofdecisionsisthetopicofrevenuemanagement.
Revenuemanagementcanbedefinedastheartofmaximizingprofitgenerated
fromalimitedcapacityofaproductoverafinitehorizonbysellingeachproductto
therightcustomerattherighttimefortherightprice.Itencompassespracticessuch
asprice-discriminationandturningdowncustomersinanticipationofother,more
profitablecustomers.Revenuemanagementoriginatesfromtheairlineindustry,
wherederegulationofthefaresinthe1970'sledtoheavycompetitionandthe
opportunitiesforrevenuemanagementschemeswereacknowledgedinanearlystage.
Theairlinerevenuemanagementproblemhasreceivedalotofattentionthroughout
theyearsandcontinuestobeofinteresttothisday.Otherapplicationsofrevenue
managementcanbefoundinthehotel,carrental,railwayandcruise-lineindustries
amongothers.Thepossibleapplicationsofrevenuemanagementgobeyondthe
touristindustries,though.Theenergyandtelevisionbroadcastindustrieshavebeen
mentionedaspossibleapplicationsandithasbeenarguedthattheconceptofrevenue
managementcanevenbeappliedtofastmovingconsumergoodsinsupermarkets.
1.2. AirlineRevenueManagement
Anairline,typically,offersticketsformanyorigin-destinationitinerariesinvarious
fareclasses.Thesefareclassesnotonlyincludebusinessandeconomyclass,which
2aresettledinseparatepartsoftheplane,butalsoincludefareclassesforwhichthe
differenceinfaresisexplainedbydifferentconditionsfore.g.cancellationoptionsor
overnightstayarrangements.Thereforetheseatsonaflightareproductswhichcanbe
offeredtodifferentcustomersegmentsfordifferentprices.Sincetheticketsfora
flighthavetobesoldbeforetheplanetakesoff,theproductisperishableandrevenue
managementcanbeapplied.
Attheheartofairlinerevenuemanagementliestheseatinventorycontrol
problem.Thisproblemconcernstheallocationofthefiniteseatinventorytothe
demandthatoccursovertimebeforetheflightisscheduledtodepart.Theobjectiveis
tofindtherightcombinationofpassengersontheflightssuchthatrevenuesare
maximized.Theoptimalallocationoftheseatinventorythenhastobetranslatedinto
abookingcontrolpolicy,whichdetermineswhetherornottoacceptabooking
requestwhenitarrives.Itispossiblethatatacertainpointintimeitismoreprofitable
torejectabookingrequestinordertobeabletoacceptabookingrequestofanother
passengeratalaterpointintime.
Otherimportanttopicsthathavereceivedattentionintherevenuemanagement
literaturearedemandforecasting,overbookingandpricing.Demandforecastingisof
criticalimportanceinairlinerevenuemanagementbecausebookingcontrolpolicies
makeuseofdemandforecaststodeterminetheoptimalbookingcontrolstrategy.Ifan
airlineusespoordemandestimates,thiswillresultinabookingcontrolstrategy
whichperformsbadly.Airlinesoftenhavetocopewithno-shows,cancellationsand
deniedboardings.Therefore,inordertopreventaflightfromtakingoffwithvacant
seats,airlinestendtooverbookaflight.Thismeansthattheairlinebooksmore
passengersonaflightthanthecapacityoftheplaneallows.Thelevelofoverbooking
foreachtypeofpassengerhasbeenthetopicofresearchformanyyears.Pricingis
obviouslyveryimportantfortherevenuesofanairlinecompany.Infact,price
differentiationisthestartingpointoftherevenuemanagementconcept.Demand
forecasting,overbookingandpricingare,however,topicsbeyondthescopeofthis
paper.ForanoverviewoftheliteratureonthesethreetopicswerefertoMcGilland
VanRyzin(1999).
32. SeatInventoryCont rol
Theseatinventorycontrolprobleminairlinerevenuemanagementconcernsthe
allocationofthefiniteseatinventorytothedemandthatoccursovertime.Inorderto
decidewhetherornottoacceptabookingrequest,theopportunitycostsoflosingthe
seatstakenupbythebookinghavetobeevaluatedandcomparedtotherevenue
generatedbyacceptingthebookingrequest.Solutionmethodsfortheseatinventory
controlproblemareconcernedwithapproximatingtheseopportunitycostsand
incorporatingtheminabookingcontrolpolicysuchthatexpectedfuturerevenuesare
maximized.
Solutionmethodsfortheseatinventorycontrolproblemshouldaccountfora
numberofthings.Thestochasticnatureofdemandisoneofthem.Also,abooking
requestthatcreatesthehighestpossiblerevenuefortheairlineshouldneverbe
rejectedwheneveraseatisavailable,notevenwhenthenumberofseatsappointedto
thistypeofpassengerbythebookingcontrolpolicyhasbeenreached.Infact,any
passengershouldbeallowedtotapintothecapacityreservedforanyotherlower
valuedtypeofpassenger.Thisistheconceptofnestingandshouldbeincorporated
intothebookingcontrolpolicy.Further,wemakethedistinctionbetweensingleleg
andnetworkseatinventorycontrolandstaticanddynamicsolutionmethods.
Withsinglelegseatinventorycontrol,everyflightlegisoptimizedseparately.
Networkseatinventorycontrolisaimedatoptimizingthecompletenetworkofflight
legsofferedbytheairlinesimultaneously.ConsiderapassengertravellingfromAto
CthroughB.Thatis,travellingfromAtoCusingflightlegsfromAtoBandfromB
toC.Ifthesinglelegapproachisused,thispassengercanberejectedononeofthe
flightlegsbecauseanotherpassengeriswillingtopayahigherfareonthisflightleg.
Butbyrejectingthisdemand,theairlinelosesanopportunitytocreaterevenueforthe
combinationofthetwoflightlegs.Iftheotherflightlegdoesnotgetfull,itcould
havebeenmoreprofitabletoacceptthepassengertocreaterevenueforbothflight
legs.Hence,onlythenetworkapproachtakesintoaccounttheoverallrevenuethatthe
passengercreatesfromitsorigintoitsfinaldestination.
Thedistinctionbetweenstaticanddynamicso lutionmethodsisasecond
partitioningthatcanbeconsidered.Staticsolutionmethodsgenerateanoptimal
allocationoftheseatsatacertainpointintime,typicallythebeginningofthebooking
period,basedonademandforecastatthatpointintime.Theactualbookingrequests
4do,however,notarriveatonepointintimebutoccurgraduallyoverthebooking
period.Therefore,abettersolutionmethodwouldbeonethatmonitorstheactual
demandandadjuststhebookingcontrolpolicytoit.Thiswouldbeadynamic
solutionmethod.
InSection3wediscusthesinglelegsolutionmethodsandinsection4the
networksolutionmethodstotheseatinventorycontrolproblem.Thesolutionmethods
mayvarywiththesetofassumptionsmadeineachresearch,e.g.takingnestingor
network-effectsintoaccountornot.However,therearealsosomeassumptionsthatall
oftheresearchesdiscussedinthispapermakeuseof.Theseassumptionsare:
- nocancellationsorno-shows
- independentdemandbetweenthebookingclasses
- nodemandrecapturing
- nobatchbooking
Thefirstassumptionsimplystatesthatnoattentionwillgoouttooverbooking.
Usuallytheseatinventorycontrolproblemandoverbookingareconsidered
separately,althoughintegrationofthetwoproblemswouldbepreferredandhasbeen
givenattentionalso.Aconsequenceofthesecondassumptionisthatnoinformation
ontheactualdemandprocessofonefarecanbederivedfromtheactualdemand
processofanotherfare.Wespeakofdemandrecapturingwhenalowfarebooking
requestisturnedintoahigherfarebookingrequestwhenthelowfareclassisnot
available.Thiscanoccurwhentheproductsarenotsufficientlydifferentiated.The
assumptionthatthereisnodemandrecapturingimpliesthateverycustomerhasgota
strictpreferenceforacertainfareclassandthatadeniedrequestislostforever.The
lastassumptionisthattherearenobatchbookings,whichjustifieslookingatone
bookingrequestatatime.Relaxationoftheseassumptionshasbeengivenattention.
However,inordertogiveagoodimpressionofwhatisconsideredasthegeneralseat
inventorycontrolproblemanditsbasicsolutionmethods,wewillnotdiscussthis
here.
Finally,wewouldliketomentionthattheseatinventorycontrolproblemcan
alsobeseenasapricingproblem.Whenthefareclassesarewelldifferentiated,they
areseparateproducts.Apricingschemecanthenbeconstructedforeachfareclass
andclosingafareclassforfuturebookingrequestscanbedoneartificiallybysetting
thepricesufficientlyhigh.Inouropinion,however,thedecisionwhethertoclosea
fareclassornot,canberepresentedbymorestraightforwardformulationsthanthatof
5apricingproblem.Wheneverthefareclassesarenotsufficientlydifferentiated,the
fareclassescanbeseenasdifferentpricesforthesameproduct.Thenaformulation
oftheproblemasapricingproblemisevident.Inthispaper,wewill,however,not
considerthissituation.Applicationsofpricingtechniquestoairlinerevenue
managementcanbefoundinChatwin(2000),FengandGallego(1995,2000),Feng
andXiao(2000a,2000b),GallegoandvanRyzin(1994,1997),Kleywegt(2001),
You(1999)andZhaoandZheng(2000)amongothers.
3. SingleLegSeatInventoryCon trol
Insinglelegseatinventorycontrol,bookingcontrolpoliciesforthevariousflightlegs
aremadeindependentofoneanother.Therearetwocategoriesofsinglelegsolution
methods;staticanddynamicsolutionmethods.Inadditiontotheassumptionsgivenin
theprevioussection,staticsinglelegsolutionmethodsmakeuseoftheextra
assumptionthatbookingrequestscomeinsequentiallyinorderofincreasingfare
level,i.e.lowfarebookingrequestscomeinbeforehighfarebookingrequests.This
meansthatthebookingperiodcanbedividedintotime-periodsforwhichallbooking
requestsbelongtothesamefareclass.Inthiscase,bookingcontrolpoliciescanbe
basedonthetotaldemandforeachfareclassanddonotexplicitlyhavetoconsider
theactualarrivalprocess.BrumelleandMcGill(1993)showthatunderthis
assumptionastaticsolutionmethodthatlimitsthenumberofbookingrequeststo
acceptforeachfareclassisoptimalaslongasnochangeintheprobability
distributionsofdemandisforeseen.Dynamicsolutionmethodsdonotassumea
specificarrivalorderofthebookingrequests.Inthiscase,abookingcontrolpolicy
basedonthetotaldemandforeachfareclassisnolongeroptimal,anddynamic
programmingtechniquesareneeded.InSection3.1wediscussthestaticsolution
methodsandinSection3.2thedynamicsolutionmethods.
63.1. StaticSolutionMethods
Littlewood(1972)wasthefirsttoproposeasolutionmethodfortheseatinventory
controlproblemforasinglelegflightwithtwofareclasses.Theideaofhisschemeis
toequatethemarginalrevenuesineachofthetwofareclasses.Hesuggestsclosing
downthelowfareclasswhenthecertainrevenuefromsellinganotherlowfareseatis
exceededbytheexpectedrevenueofsellingthesameseatatthehigherfare.Thatis,
lowfarebookingrequestsshouldbeacceptedaslongas
)Pr( 1112 pDff >≥ (3.1)
where f1 and f2 arethehighandlowfarelevelsrespectively, D1 denotesthedemand
forthehighfareclass, p1 isthenumberofseatstoprotectforthehighfareclassand
Pr(D1 > p1)istheprobabilityofsellingallprotectedseatstohighfarepassengers.The
smallestvalueof p1 thatsatisfiestheaboveconditionisthenumberofseatstoprotect
forthehighfareclass,andisknownastheprotectionlevelofthehighfareclass.The
conceptofdeterminingaprotectionlevelforthehighfareclasscanalsobeseenas
settingabookinglimit,amaximumnumberofbookings,forthelowerfareclass.
Bothconceptsrestrictthenumberofbookingsforthelowfareclassinordertoaccept
bookingsforthehighfareclass.
Belobaba(1987)extendsLittlewood’sruletomultiplenestedfareclassesand
introducesthetermexpectedmarginalseatrevenue(EMSR)forthegeneralapproach.
HismethodisknownastheEMSRamethodandproducesnestedprotectionlevels,
i.e.theyaredefinedasthenumberofseatsprotectedforthefareclassandallhigher
classes.TheEMSRamethoddoes,however,notyieldoptimalbookinglimitswhen
morethantwofareclassesareconsidered.
Optimalpoliciesformorethantwoclasseshavebeenpresentedindependently
byCurry(1990),BrumelleandMcGill(1993)andWollmer(1992).Curryuses
continuousdemanddistributionsandWollmerusesdiscretedemanddistributions.The
approachBrumelleandMcGillpropose,isbasedonsubdifferentialoptimizationand
admitseitherdiscreteorcontinuousdemanddistributions.Theyshowthatanoptimal
setofnestedprotectionlevels, p1, p2,..., pk-1,wherethefareclassesareindexedfrom
hightolow,mustsatisfytheconditions:
7)()( 1 iiiii pERfpER −++ ≤≤ δδ foreach i =1,2,..., k-1 (3.2)
where ERi(pi)istheexpectedrevenuefromthe i highestfareclasseswhen pi seatsare
protectedforthoseclassesand δ+ and δ-aretherightandleftderivativeswithrespect
to pi respectively.Theseconditionsexpressthatachangein pi awayfromtheoptimal
levelineitherdirectionwillproduceasmallerincreaseintheexpectedrevenuethan
animmediateincreaseof fi+1.Thesameconditionsapplyfordiscreteandcontinuous
demanddistributions.Notice,thatitisonlynecessarytoset k-1protectionlevels
whenthereare kfareclassesontheflightleg,becausenoseatswillhavetobe
protectedforthelowestfareclass.BrumelleandMcGillshowthatundercertain
continuityconditionstheconditionsfortheoptimalnestedprotectionlevelsreduceto
thefollowingsetofprobabilitystatements:
)Pr( 1112 pDff >= (3.3)
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Thesestatementshaveasimpleandintuitiveinterpretation,muchlikeLittlewood’s
rule.JustlikeLittlewood’sruleandtheEMSRamethod,thismethodisbasedonthe
ideaofequatingthemarginalrevenuesinthevariousfareclassesandtherefore
belongstotheclassofEMSRmethods.ThemethodiscalledtheEMSRbmethod.
Robinson(1995)findstheoptimalityconditionswhentheassumptionofasequential
arrivalorderwithmonotonicallyincreasingfaresisrelaxedintoasequentialarrival
orderwithanarbitraryfareorder.Furthermore,Curry(1990)providesanapproachto
applyhismethodtoorigin-destinationitinerariesinsteadofsingleflightlegs,when
thecapacitiesarenotsharedamongdifferentorigin-destinations.
VanRyzinandMcGill(2000)introduceasimpleadaptiveapproachfor
findingprotectionlevelsformultiplenestedfareclasses,whichhasthedistinctive
advantagethatitdoesnotneedanydemandforecasting.Instead,themethoduses
historicalobservationstoguideadjustmentsoftheprotectionlevels.Theysuggest
adjustingtheprotectionlevel pi upwardsaftereachflightifallthefareclasses i and
8higherreachedtheirprotectionlevels,anddownwardsifthishasnotoccurred.They
provethatunderreasonableregularityconditions,thealgorithmconvergestothe
optimalnestedprotectionlevels.Thisschemeofcontinuouslyadjustingtheprotection
levelshastheadvantagethatitdoesnotneedanydemandforecastingandthereforeis
awaytogetaroundallthedifficultiesinvolvingthispractice.Howevertheupdating
schemedoesneedasufficientlylargesequenceofflightstoconvergetoagoodsetof
protectionlevels.Inpractice,suchastart-upperiodcannotalwaysbegrantedwhen
thereareprofitstobemade.
Thesolutionmethodsinthisparagraphareallstatic.Thisclassofsolution
methodsisoptimalunderthesequentialarrivalassumptionaslongasnochangeinthe
probabilitydistributionsofthedemandisforeseen.However,informationonthe
actualdemandprocesscanreducetheuncertaintyassociatedwiththeestimatesof
demand.Hence,repetitiveuseofastaticmethodoverthebookingperiodbasedonthe
mostrecentdemandandcapacityinformation,isthegeneralwaytoproceed.
3.2. DynamicSolutionMethods
Dynamicsolutionmethodsfortheseatinventorycontrolproblemdonotdeterminea
bookingcontrolpolicyatthestartofthebookingperiodasthestaticsolutionmethods
do.Instead,theymonitorthestateofthebookingprocessovertimeanddecideon
acceptanceofaparticularbookingrequestwhenitarrives,basedonthestateofthe
bookingprocessatthatpointintime.
LeeandHersh(1993)consideradiscrete-timedynamicprogrammingmodel,
wheredemandforeachfareclassismodeledbyanonhomogeneousPoissonprocess.
UsingaPoissonprocessgivesrisetotheuseofaMarkovdecisionmodelinsucha
waythat,atanygiventime t,thebookingrequestsbeforetime t donotaffectthe
decisiontobemadeattime t exceptintheformoflessavailablecapacity.Thestates
oftheMarkovdecisionmodelareonlydependentonthetimeuntilthedepartureof
theflightandontheremainingcapacity.Thebookingperiodisdividedintoanumber
ofdecisionperiods.Thesedecisionperiodsaresufficientlysmallsuchthatnotmore
thanonebookingrequestarriveswithinsuchaperiod.Thestateoftheprocess
changeseverytimeadecisionperiodelapsesortheavailablecapacitychanges.If
U(c,t)istheoptimaltotalexpectedrevenuethatcanbegeneratedgivenaremaining
9capacityof cseatsandwith t remainingdecisionperiodsbeforethedepartureofthe
flight,thenabookingrequestofclass i isacceptedif,andonlyif:
)1,1()1,( −−−−≥ tcUtcUf i foreach i =1,2,..., k, (3.4)
c= C, C-1,...,1, t = T, T-1,...,1
where C isthetotalseatcapacityand T isthetotalnumberofdecisionperiods.This
decisionrulesaysthatabookingrequestisonlyacceptedifitsfareexceedsthe
opportunitycostsoftheseat,definedherebytheexpectedmarginalvalueoftheseat
attime t.LeeandHershprovidearecursivefunctionforthetotalexpectedrevenue
andshowthatsolvingthemodelunderthedecisionrulegivenby(3.4)resultsintoa
bookingpolicythatcanbeexpressedasasetofcriticalvaluesforeithertheremaining
capacityorthetimeuntildeparture.Foreachfareclassthecriticalvaluesprovide
eitheranoptimalcapacitylevelforwhichbookingrequestsarenolongeracceptedin
agivendecisionperiod,oranoptimaldecisionperiodafterwhichbookingrequests
arenolongeracceptedforagivencapacitylevel.Thecriticalvaluesaremonotone
overthefareclasses.LeeandHershalsoprovideanextensiontotheirmodelto
incorporatebatcharrivals.
KleywegtandPapastavrou(1998)demonstratethattheproblemcanalsobe
formulatedasadynamicandstochasticknapsackproblem(DSKP).Theirworkis
aimedatabroaderclassofproblemsthanonlythesinglelegseatinventorycontrol
problemconsideredhere,andincludesthepossibilityofstoppingtheprocessbefore
time0withagiventerminalvaluefortheremainingcapacity,waitingcostsfor
capacityunusedandapenaltyforrejectinganitem.Theirmodelisacontinuous-time
model,buttheydo,however,onlyconsiderhomogeneousarrivalprocessesforthe
bookingrequests.InarecentpaperKleywegtandPapastavrou(2001)extendtheir
modeltoallowforbatcharrivals.
Subramanianetal.(1999)extendthemodelproposedbyLeeandHershto
incorporatecancellations,no-showsandoverbooking.Theyalsoconsidera
continuous-timearrivalprocessasalimittothediscrete-timemodelbyincreasingthe
numberofdecisionperiods.Liang(1999)reformulatesandsolvestheLeeandHersh
modelincontinuous-time.VanSlykeandYoung(2000)alsoobtaincontinuous-time
versionsofLeeandHersh’results.TheydothisbysimplifyingtheDSKPmodelto
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themorestandardsinglelegseatinventorycontrolproblemandextendingitfor
nonhomogeneousarrivalprocesses.Theyalsoallowforbatcharrivals.Lautenbacher
andStidham(1999)linkthedynamicandstaticapproaches.Theydemonstratethata
commonMarkovdecisionprocessunderliesbothapproachesandformulatean
omnibusmodelwhichencompassesthestaticanddynamicmodelsasspecialcases.
4. NetworkSeatInventoryControl
Innetworkseatinventorycontrol,thecompletenetworkofflightsofferedbythe
airlineisoptimizedsimultaneously.Onewaytodothis,istodistributetherevenueof
anorigin-destinationitineraryoveritslegs,whichiscalledprorating,andapplysingle
legseatinventorycontroltotheindividuallegs.Williamson(1992)investigates
differentproratingstrategies,suchasproratingbasedonmileageandontheratioof
thelocalfarelevels.Thisapproachprovidesaheuristictoextendtheexistingsingle
legsolutionmethodstoanetworksetting.However,onlyamathematical
programmingformulationoftheproblemcanbecapableoffullycapturingthe
combinatorialaspectsofthenetwork.Inordertoobtainthemathematical
programmingformulationforcapturingthesecombinatorialaspects,denoteanorigin-
destinationandfareclasscombinationbyODF.Let XODFdenotethenumberofseats
reservedforanODF, DODFthedemandforanODF,and fODFthefarelevelforan
ODF.Further,let l denoteasingleflightleg, Cl theseatcapacityforaleg,and Sl the
setofallODFcombinationsavailableonaleg.Theproblemcanthenbeformulated
asfollows:
maximize ( ) 
ODF ODFODFODF
DXfE },min{ (4.1)
subjectto 
∈
≤
lSODF lODF
CX foreach l
0≥ODFX integer foreach ODF
Theobjectiveistofindtheseatallocationthatmaximizesthetotalexpectedrevenue
ofthenetworkandsatisfiesthecapacityconstraintsonthevariousflightlegs.The
objectivefunctiondependsonthedistributionsofdemandandgenerallyisnotlinear,
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continuousorinanyotherwayregular.Therefore,relaxationsofthisformulation
havebeensuggestedforuseinpractice.
4.1 MathematicalProgramming
Thefirstfullnetworkformulationoftheseatinventorycontrolproblemisproposed
byGloveretal.(1982).Theyformulatetheproblemasaminimumcostnetworkflow
problemwithonesetofarcscorrespondingtotheflightlegsandanotherset
correspondingtotheODFcombinations.Themethodisaimedatfindingtheflowon
eacharcinthenetworkthatmaximizesrevenue,withoutviolatingthecapacity
constraintsonthelegsandupperboundsposedbythedemandforecastsfortheODF
combinations.Adrawbackofthenetworkflowformulationisthatitcannotalways
discriminatebetweentherouteschosenfromanorigintoadestination.Therefore,this
formulationonlyholdswhenpassengersarepath-indifferent.Theadvantageofthe
formulationisthatisiteasytosolveandcanbere-optimizedveryfast.
Aformulationoftheproblemthatisabletodistinguishbetweenthedifferent
routesfromanorigintoadestination,isgivenbytheintegerprogrammingmodel
underlyingthenetworkflowformulation:
maximize 
ODF ODFODF
Xf (4.2)
subjectto 
∈
≤
lSODF lODF
CX foreach l
ODFODF EDX ≤  foreach ODF
0≥ODFX integer foreach ODF
Inthismodel EDODFdenotestheexpecteddemandforanODF.Itiseasytoseethat
thisisthemodelobtainedfrommodel(4.1)ifthestochasticdemandforeachODFis
replacedbyitsexpectedvalue.ThedemandforanODFistreatedasifittakesona
knownvalue,e.g.asifitisdeterministic,andnoinformationonthedemand
distributionsistakenintoaccount.Accordingly,themodelproducestheoptimalseat
allocationiftheexpecteddemandscorrespondperfectlywiththeactualdemands.Itis
commonpracticetosolvetheLPrelaxationofthemodelratherthantheinteger
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programmingproblem,sinceanintegerprogrammingproblemisusuallyveryhardto
solve.TheLPrelaxationofthemodelisknownasthedeterministiclinear
programming(DLP)model.AbookingcontrolpolicybasedontheDLPmodelcanbe
constructedbysettingbookinglimitsforeachODFequaltothenumberofseats
reservedfortheODFintheoptimalsolutionofthemodel.Suchabookingcontrol
policyisastaticmethodand,justaswiththesinglelegmethodsdiscussedinthe
previoussection,thegeneralwaytoproceedistousethemodelrepeatedlyoverthe
bookingperiodbasedonthemostrecentdemandandcapacityinformation.
TheDLPmethodisadeterministicmethodandwillneverreservemoreseats
forahigherfareclassthantheairlineexpectstosellonaverage.Inordertodetermine
whetherreservingmoreseatsformoreprofitableODFcombinationscanbe
rewarding,itisnecessarytoincorporatethestochasticnatureofdemandinthemodel.
Wollmer(1986)developsamodelwhichincorporatesprobabilisticdemandintoa
networksetting.
maximize   ≥
ODF i ODFODFODF
iXiDf )()Pr( (4.3)
subjectto  
∈
≤
lSODF li ODF
CiX )( foreach l
}1,0{)( ∈iX ODF foreach ODF,
i =1,2,...,max l{Cl:ODF∈Sl}
Inthismodelthedecisionvariables XODF(i)takeonthevalue1when i seatsormore
arereservedfortheODF,and0otherwise.Thecoefficientofeach XODF(i)inthe
objectivefunctionrepresentstheexpectedmarginalrevenueofallocatingan
additional ith seattotheODF.Themodeliscalledtheexpectedmarginalrevenue
(EMR)model.Adrawbackofthismodelisthelargeamountofdecisionvariables,
whichmakesthemodelimpracticalinuse.
DeBoeretal.(1999)introduceamodelwhichisanextensionoftheEMR
model.ItincorporatesthestochasticnatureofdemandwhendemandforeachODF
cantakeononlyalimitednumberofdiscretevalues{ dODF(1)< dODF(2)<...<
dODF(NODF)}.
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maximize   ≥
ODF i ODFODFODFODF
iXidDf )())(Pr( (4.4)
subjectto  
∈
≤
lSODF li ODF
CiX )( foreach l
)1()1( ODFODF dX ≤ foreach ODF
)1()()( −−≤ ididiX ODFODFODF foreach ODF, i =2,3,..., NODF
0)( ≥iX ODF integer foreach ODF, i =1,2,..., NODF
Thedecisionvariables XODF(i)eachaccommodateforthepartofthedemand DODF
thatfallsintheinterval( dODF(i-1), dODF(i)].Summingthedecisionvariables XODF(i)
overall i foranODF,givesthetotalnumberofseatsreservedfortheODFwhichcan
beinterpretedasabookinglimit.TheLPrelaxationofthismodeliscalledthe
stochasticlinearprogramming(SLP)model.TheEMRmodelisaspecialcaseofthe
SLPmodelthatcanbeobtainedbyletting dODF(1)=1and dODF(i)-dODF(i-1)=1for
all i =2,3,...,max l{Cl:ODF∈Sl}.ButtheSLPformulationoftheproblemismore
flexiblebecauseitallowsareductionofthenumberofdecisionvariablesbychoosing
alimitedamountofdemandscenarios.Ifonlytheexpecteddemandisconsideredasa
possiblescenario,theSLPmodelreducestotheDLPmodel.Infact,theDLPand
EMRmodelscanbeseenasthetwoextremesthatcanbeobtainedfromtheSLP
model.Thefirstbyconsideringonlyonedemandscenario,thelatterbyconsidering
allpossiblescenarios.
Themathematicalprogrammingmodelsdiscussedinthissectionareverywell
capableofcapturingthecombinatorialaspectsoftheproblem.Thebookingcontrol
policiesderivedfromthemodelsare,however,staticandnon-nested.Inthefollowing
sectionswewilldiscusstechniquestoaugmentthemathematicalprogramming
modelsfornesting.DynamicsolutionmethodsarediscussedinSection4.2.
4.1.1. Nesting
Nestingisanimportantaspectoftheseatallocationproblemandshouldbetakeninto
account.HowtodetermineanestingorderoftheODFcombinationsisnottrivialina
networksetting.ThenestingordershouldbebasedonthecontributionoftheODF
combinationstothenetworkrevenue.Orderingbyfareclassdoesnottakeinto
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accountthelevelofthefare,andorderingbyfareleveldoesnotaccountfortheload
factorsoftheflightlegs.Williamson(1992)suggestsnestingtheODFcombinations
bytheincrementalrevenuethatisgeneratedifanadditionalseatismadeavailablefor
theODFwhileeverythingelseremainsunchanged.FortheDLPmodel,she
approximatesthisbythedualpriceofthecorrespondingdemandconstraint.Inthis
particularmodel,thiscorrespondstotheincrementalrevenueobtainedfrom
increasingthemeandemandfortheODFbyone.Astochasticmodeltypicallydoes
nothavedemandconstraints,buttheincrementalrevenueobtainedfromincreasing
themeandemandcanstillbeused.Anapproximationcanbeobtainedbyre-
optimizingthemodelwiththemeandemandincreasedbyoneandcomparingthenew
objectivevaluewiththeoriginalobjectivevalue.Thisdoes,however,requireare-
optimizationofthemodel.
Afterdetermininganestingorderoneachflightleg,anestedbookingcontrol
policycanbeconstructed.Let HODF,l bethesetofODFcombinationsthathavehigher
rankthan ODFonflightleg l.ThennestedbookinglimitsforanODFonaflightleg l
aregivenby:

∈
−=
lODFHODF ODFllODF
XCb
,
* *,
(4.5)
Thisillustratesthatnestedbookinglimitsareobtainedfromnon-nestedbookinglimits
byallowingODFcombinationstomakeuseofallseatsontheflightlegexceptforthe
seatsreservedforhigherrankedODFcombinations.
DeBoeretal.(1999)sticktoWilliamson’sideaofusingthenetcontribution
tonetworkrevenueoftheODFcombinationstodetermineanesting.However,they
useadifferentapproachtoapproximatethis.Theyapproximatetheopportunitycosts
ofanODFcombinationbythesumofthedualpricesofthecapacityconstraintsofthe
legstheODFuses.Anapproximationofthenetcontributiontonetworkrevenueis
thenobtainedbysubtractingthisfromthefarelevel.Thus,anestingorderisbased
on:

∈
−=
lSODF lODFODF
pff (4.6)
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where pl denotesthedualpriceofthecapacityconstraintforflightleg l.FortheDLP
methodthisnestingmethodisequivalenttoWilliamson’sapproach.Theadvantageof
thismethodoverWilliamson’s,isthatitcanbeappliedforastochasticmodelwithout
re-optimizingthemodel.
4.1.2. Bid-Prices
Abookingcontrolpolicythatincorporatesnestinginanaturalway,issettingbid-
prices.Inthisprocedure,abid-priceissetforeachleginthenetworkreflectingthe
opportunitycostsofreducingthecapacityofthelegwithoneseat.Abookingrequest
isacceptedonlyifitsfareexceedsthesumofthebid-pricesofthelegsituses.The
opportunitycostsofsellingaseatonalegcanbeapproximatedbythedualpriceof
thecapacityconstraintoftheleginamathematicalprogrammingmodel.After
obtainingthedualpricesofthecapacityconstraintsbytheuseofsuchamodel,the
ruleistoacceptabookingrequestforanODFif:

∈
>
lSODF lODF
pf (4.7)
NoticethatthismeasureisequivalenttotheapproximationdeBoeretal.(1999)use
fortheopportunitycostsofanODFanddirectlylinkstherevenuegainfrom
acceptingabookingrequesttotheopportunitycostsoftheODF.Adisadvantageof
bid-pricecontrolisthatthereisnolimittothenumberofbookingsforanODFonceit
isopenforbookings,i.e.onceitsfareexceedstheopportunitycosts.Thiscanleadto
flightsfillingupwithpassengersthatonlymarginallycontributetonetworkrevenue.
Frequentlyadjustingthebid-pricesbasedonthemostrecentdemandandcapacity
informationisnecessarytopreventthisfromhappening.
Williamson(1992)investigatesusingtheDLPmodelforconstructingbid-
prices.Thismethodtoconstructbid-pricesdoesnottakeintoaccountthestochastic
natureofdemand.TalluriandvanRyzin(1999)analyzearandomizedversionofthe
DLPmethodforcomputingbid-prices.Theideaistoincorporatemorestochastic
informationbyreplacingtheexpecteddemandbytherandomvectoritself.They
simulateasequenceof ndemandrealizationsandforeachrealizationdeterminethe
16
optimalseatallocation.ThiscanbedonebyapplyingtheDLPmodelwiththe
realizationofthedemandtakingtheplaceoftheexpecteddemandastheupperbound
forthenumberofbookingsforeachODF.The noptimalseatallocationsprovide n
setsofdualprices.Thebid-priceforalegissimplydefinedastheaverageoverthe n
dualpricesfortheflightleg.Thismethodisknownastherandomizedlinear
programming(RLP)method.DeBoeretal.(1999)constructbid-pricesontheirSLP
model.
Itshouldbenotedthatboththenestedbookinglimitsandthebid-price
proceduresareheuristicstoconvertanon-nestedsolutionfromoneofthe
mathematicalprogrammingmodelsintoanestedbookingcontrolpolicybyallowing
ODFcombinationstomakeuseofallseatsreservedforthelowervaluedODF
combinations.Allowingthis,reducesthenecessitytoreserveseatsfortheODFinthe
model.Therefore,thesolutionofthemodelisnolongeroptimal.Toobtainanoptimal
bookingcontrolstrategythataccountsfornesting,thenestingandallocationdecisions
shouldbeintegrated.Nomathematicalprogrammingmodeliscapableofdoingthis.
Aheuristicthatdoesintegratethenestingandallocationdecisionsisdiscussedinthe
nextsection.
4.2. SimulationApproach
Inarecentstudy,BertsimasanddeBoer(2000)introduceasimulationbasedsolution
methodforthenetworkseatinventorycontrolproblem.Theydefinetheexpected
revenuefunctionasafunctionofthebookinglimitsandtheiraimistofindthose
bookinglimitsthatoptimizethefunction.TheDLPmodelisusedtogeneratean
initialsolutionwhichtakesthecombinatorialaspectsofthenetworkintoaccountand
bywhichanestingordercanbedetermined.Afterthat,thesolutionisgradually
improvedtomakeupforfactorssuchasthestochasticnatureofdemandandnesting.
Thesearchdirectionisdeterminedbythegradientoftheexpectedrevenuefunction.
Becausetheexpectedrevenuefunctionisnotknown,itisapproximatedbymeansof
simulation.Theexpectedrevenuegeneratedbyasetofbookinglimitsis
approximatedbytheaverageoftherevenuesgeneratedbythebookinglimitswhen
theyareappliedoverasequenceofsimulateddemandrealizations.Thegradientof
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thefunctionisapproximatedbythechangeinexpectedrevenuecausedbyasmall
deviationinthebookinglimits.
BertsimasanddeBoerreduceagreatdealofthecomputationtimeoftheir
methodbylinkingittoideasfromthefieldofapproximatedynamicprogramming.
Theydevidethebooking-periodintosmallertime-periodsanddefinefuturerevenue
asafunctionoftheremainingcapacity.Abookingcontrolpolicyforthecurrenttime-
periodcanthenbeobtainedbysimulatingthebookingprocessofthepresenttime-
periodonly.Therevenueofeachsimulationrunisdefinedastherevenuewithinthe
presenttime-periodplustheestimatedfuturerevenuewhichdependsontheremaining
capacity.InordertoestimatethefuturerevenuefunctionanOrthogonal
Array/MultipleAdaptiveRegressionSplinesmethodisusedasinChenetal.(1998),
whichwewilldiscussinthenextsectionwhenwepresentthedynamicsolution
methodsfornetworkseatinventorycontrol.
BertsimasanddeBoeralsoprovideamethodtoderivebid-pricesfromtheir
bookinglimitsbyuseofsimulation.Thebid-priceforeachlegissetequaltoan
approximationoftheopportunitycostsofreducingthecapacityontheleg.They
simulateasequenceofdemandrealizationsandforeachsimulationcalculatethe
revenueresultingfromusingthebookinglimits.Toobtainanapproximationofthe
opportunitycosts,theysubtractfromthisrevenuetherevenuegeneratedbythesame
bookinglimitsifthecapacityonthelegwouldhavebeendecreasedbyoneseat.The
bid-priceisdefinedastheaverageoftheapproximatedopportunitycostsoverthe
simulations.
4.3. DynamicSolutionMethods
Forthesimulationbasedsolutionmethoddiscussedintheprevioussection,Bertsimas
anddeBoer(2000)makeuseofapproximatedynamicprogramming.Theydevidethe
bookingperiodintosmallertime-periodsforwhichbookingcontrolpoliciesare
determined.Asolutionisconstructedineachperiodtakingintoaccountthe
realizationsintheprevioustime-periodsandtheexpectationsaboutthefuturetime-
periods.Allothernetworksolutionmethodsdiscussedthusfar,arestaticmethods.
Thesemethodsproduceasolutionatagivenpointintimeforthecompletebooking
period.Thissolutionisusuallyadjustedamultitudeoftimesduringthebooking
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periodbyre-optimizingtheunderlyingmodels.Afullydynamicsolutionmethod,
however,wouldbeonethatadjuststhebookingcontrolpolicycontinuously.
Chenetal.(1998)arethefirsttoprovideafullydynamicsolutionmethodfor
thenetworkseatinventorycontrolproblem.TheyformulateaMarkovdecisionmodel
thatusesmathematicalprogramminginadynamicsetting.Aswiththesingleleg
dynamicsolutionmethods,thestatespaceoftheMarkovdecisionmodelisdefinedby
thetimeuntildepartureandtheremainingcapacitiesoftheflights.Thedecision
periodsarechosensufficientlysmallsuchthatnotmorethanonebookingrequest
arriveswithinsuchaperiod.Let V(c,t)betheoptimaltotalexpectedrevenuethatcan
begeneratedwhen cisthevectorofremainingcapacitiesontheflightlegsand t isthe
numberofdecisionperiodsleftbeforedeparture.Further,let aODFbethevectorthat
denoteswhetheraflightlegisusedbyanODFornot;i.e.1iftheODFtraversesthe
flightlegand0otherwise.ThenabookingrequestforanODFisacceptedif,andonly
if:
)1,()1,( −−−−≥ tVtVfODF ODFacc foreach ODF, c, (4.8)
t = T, T-1,...,1
where T isthetotalnumberofdecisionperiods.Theright-handsideof(4.8)
correspondstotheopportunitycostsoftheseatstakenupbythebookingrequest.A
bookingrequestisacceptedonlyifitsfareexceedstheopportunitycosts.
Toapproximatetheopportunitycosts,theobjectivevalueforamathematical
programmingmodelcanbeevaluatedwhenthebookingrequestisacceptedaswellas
whenthebookingrequestisrejected.Subtractingtheseobjectivevaluesgivesthe
opportunitycostsbasedonthatparticularmodel.Chenetal.(1998)arguethatthe
opportunitycostsareoverestimatedbytheDLPmodelandunderestimatedbyanon-
nestedstochasticmodeltheyformulate.Basedonthisidea,theyformulatethe
followingalgorithmtoacceptorrejectabookingrequestforanODF:
1. rejectif fODF ≤  OCSTOCH,otherwise
2. acceptif fODF ≥  OCDLP,otherwise
3. acceptif fODF> x,with xrandomfromtheinterval[ OCSTOCH, OCDLP].
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where OCSTOCHand OCDLPdenotetheopportunitycostsoftheODFasapproximated
bythestochasticandtheDLPmodel.Evaluatingthetwomodelsintwodifferent
stateseverytimeabookingrequestcomesin,obviouslyrequiresalotofcomputation
time.Therefore,Chenetal.proposeamethodtoestimatethevaluefunctionofa
modelforeachpossiblestatebeforehand.Theyevaluatethemodelonacarefully
selectedlimitednumberofpointsinthestatespaceandusetheseobservationsto
estimatethevaluefunctionofthemodelovertheentirestatespace.Theselectionof
thepointsisbasedonanOrthogonalArraymethod,andMultivariateAdaptive
RegressionSplinesareusedtoestimatethevaluefunctionofthemodel.Withan
approximationofthevaluefunctionofeachmodelavailableatanytime,theMarkov
decisionmodelcanbeusedinadynamicway.
InarecentpaperBertsimasandPopescu(2001)usethenetworkflow
formulationoftheproblem,proposedbyGloveretal.(1982),toapproximatethe
opportunitycosts.Becausethisformulationcanbere-optimizedveryefficiently,a
newsolutioncanbeconstructedeverytimeabookingrequestcomesin.Bertsimas
andPopescuovercomethefactthatthenetworkflowformulationdoesnotaccount
forthestochasticnatureofdemandbymeansofsimulation.Theysimulateasequence
ofdemandrealizationsandapproximatetheopportunitycostsbytheaverageofthe
opportunitycostsobtainedfromthesimulations.Adrawbackofthenetworkflow
formulationremainsthatitonlyholdswhenpassengersarepath-indifferent.
4. Conclusion
Inthispaper,wemakeadistinctionbetweensinglelegandnetworksolutionmethods
fortheseatinventorycontrolprobleminairlinerevenuemanagement.Apartfromthe
distinctionbetweenstaticanddynamicsolutionmethods,literatureonthesingleleg
approachtotheproblemisratherharmonious.Forboththestaticandthedynamic
approach,acertainamountofconsensushasbeenreachedaboutthegeneralwayto
proceed.Inrecentyears,literatureonsinglelegsolutionmethodshasbeenaimed
mainlyatextendingtheexistingmodelstoaccountforaspectssuchasoverbooking,
batcharrivals,lessdependenceondemandforecastsetc.Literatureonthenetwork
solutionmethodsislessharmonious.Howtoaccountforthecombinatorialeffectsof
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thenetwork,thestochasticnatureofdemandandnestingsimultaneously,isnot
trivial.Moreover,thesizeoftheproblemprescribestheuseofheuristicsasopposed
tooptimalpolicies,especiallyifapolicyistobeusedinadynamicway.
Nevertheless,wethinkthatitisessentialtoaccountforthenetworkeffects.
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